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ABSTRACT
In this paper we study the Adjoint L-function for Sp,. For generic cusp
forms of Sp,(A) we construct a global Rankin-Selberg integral which

represents this L-function.

Introduction

In this paper we construct an integral representation for the partial adjoint L-
function of Sp,. More precisely, let 7 denote a generic cuspidal representation of
Sps(A). Let Ad denote the ten dimensional irreducible adjoint representation of
SO5(C), the L-group of Sp,. To this data one can associate the ten dimensional
partial Adjoint L-function Lg(w, Ad,s). We shall construct a Rankin—Selberg
integral which represents this L-function.

This construction uses an Eisenstein series on the double cover of Sping and
the Theta function on the double cover of Sp,. The construction is in the spirit of
the integral introduced in [G2], in the sense that it includes an integration over a
unipotent subgroup which is of Heisenberg type. In the first section we introduce
basic notations. In the second section we introduce the global Rankin--Selberg
integral and show that it is Eulerian. Finally, in Section 3 we compute the local
unramified integrals.
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1. Notation

1.1 Let G denote the group Sping. Since our construction involves a certain
amount of computation we give several relations in G needed later. First we label
the roots of G as

ay a2 ag ay

0o — 0 — 0 = 0.

Given a root o we shall denote by x,(r) the one dimensional unipotent sub-
group corresponding to a. If o = Z;l n;a; with n; > 0 we shall write
(ninengng) to represent c.

A faithful representation for Sping is obtained by restriction of the 16 dimen-
sional representation of Spin;, to Sping. Using the embedding of Spin,q in Ejg
we can easily give a matrix representation for Sping. We have

T1000(r) = I + r(es,7 + €6,8 — €911 — €10,12),

zo100(r) = I +r(e3s + €a,6 — €11,13 — €12,14),

Zooro(r) = I +7(e2,3 + €6,9 — €8,11 — €14,15),

Tooor(r) = I +r(e1,2 + €34 +es6+ €78 —€9,10 — €11,12 — €13,14 — €15,16) -

Here I denotes the 16 x 16 identity matrix and e; ; is the 16 x 16 matrix which
has 1 at the (4, j) position and zero elsewhere.

We shall denote the maximal torus of G as h(ty, f4, t3,t4) where we parameter-
ized it in a way that h(t;,1,1,1) denotes the maximal torus obtained from the
embedding of the SL; corresponding to the simple root o, etc. Thus we can
read from the Cartan matrix, the action of the torus on the roots of G. For the

simple roots we have,

hx1000(r)h™! = z1000(t3t7 '7),
hzo100(r)h™" = To100(t7 ' 1525 7),
hxoor0(r)h™" = Too10(t; 1585 %r),
hzooor (r)h ™" = zooo1(t5 37,

where h = h(ty,12,13,14).

Let us remark that since Sping /{£1} = SOy one can deduce most of the com-
mutation relations and most of the matrix identities we need, from the standard
matrix representation of SOyg.
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Let W denote the Weyl group of G. We denote by w; for 1 < i < 4 the four
simple reflections corresponding to the simple roots a;. If w = w;, w;, - - - w;, we
shall write w = w(é; - - - i) for short.

For our construction we need to consider two maximal parabolic subgroups of
G. First let @ = MU denote the maximal parabolic whose Levi part contains
SL4. Thus as an algebraic group M may be identified with L = {g € GL, : detg
is a square}. U is a two step unipotent group which consists of all positive roots
a =Y n;a; with ng > 1. Let us describe more explicitly the identification of M
with L. The simple roots are identified as

1 r
Tay (’I‘) - ! 1 s
1
(1
1 r
I02(T) - 1 )
1
1
1
.’L‘as(?‘) - 1 7
1

Thus from the action of the torus on the simple roots we have the following

identification:
4 1
h(t1, 2,13, ts) — bt t;'ts

t3'2

The action of W on h(ty, t2,t3,t4) can be read via this embedding. Namely, the
action of w; for 1 < ¢ < 3 is the obvious one, and wy acts as
wy - diag{ay, a2, as, aq) = diag{ay, az, as, a;l)
where a;asa3ay is a square.
Let R=Sp,U C MU = @ where
1 1
Sps={g€GLy: g
-1 -1
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and Sp, is embedded in M in the obvious way, i.e. via the identification of M
with L.

The second maximal parabolic is P = GL3-Sping V. Thus V consists of all
roots & = Y n;e; for which nz > 1.

We will need to study the space P\G/R. We have

LEMMA 1.1: There are six double cosets in P\G/R. As representatives we can
choose €; w(34); w(3214); w(32434); w(3423421) and w(342341234).

Proof:  First consider P\G/Q. It is not difficult to check that |[P\G/Q| = 4
and as representatives we may choose e; w(34); w(32434) and w(342341234). As
representatives for P\G/R we may choose the set wv,, where w € P\G/Q as
above and v, € (w™!Pw N SL4)\ SLy /Sp,. If w = € or w = w(342341234) then
w1 PwNSLy is a parabolic subgroup of SL4 whose Levi part is GL3. Thus v, = e
in these cases. In the case of w = w(34) or w = w(32434) the group w™' PwNSLy
contains a parabolic subgroup of SL4 whose Levi part is GL; x GL;. In this case
|Jw=rPwnSLs\SLy /Sp, | = 2 and as representatives we may choose v,, = e and
vy = w(21). Thus the lemma follows. ]

1.2 For the construction of our Eisenstein series we need to consider the double
cover of G = Sping. In [M], Matsumoto constructed a unique double cover for
the group G. We shall denote this group G. 1t follows from [M] that there is a
cocycle o of G x G such that

o (Rt ta, ts,ts), h(r1,72,73,74)) = (t1,7172)(t2, T273)(t3,73)

where ( , ) is the two order Hilbert symbol.

Thus we shall identify G with the group of all pairs (g,e) with ¢ € G and
€ € {£1} so that (g1,€1)(g2,€2) = (9192,0(g1, 92)€162)-

Given a subgroup H of G, H will denote its full inverse image in G. If there
is a splitting homomorphism for H we shall identify H with its homomorphic
image in G. When needed we shall describe the homomorphism explicity. When
there is no confusion we shall write h for (h,1).

It is not difficult to check that when restricting from G to M — the double cover
of M — one obtains on M, via its identification with L, the cocycle described
in [K-P]. By abuse of notations we shall denote by o the cocycle of GL, whose
restriction to L coincides with the restriction from G. Also, since Sping C P splits
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under the cover it follows that Py = éig - Sping -V is a well defined subgroup of
P. The restriction of o to GL3 is as given in [K-P], page 41 with ¢ = 1.

1.3. In this section we review some of the properties of the Weil representation.
We refer the reader to [M-V-W] for details.

Let Hs denote the Heisenberg group with five variables. We shall identify Hj
with the group of all (z1, x3, y1, Y2, 2) with product given by

(x1, T2, Y1, Y2, 2)(2], Th, Y1, 45, 2') =

(x1+ 2, 22 + 25,1 + Y1, ¥2 + ¥, 2 + 2T+ T1yh + Toyy — 175 — y2)).

We shall also write (z, y, z) as elements of Hs where z = (2, z2) and y = (y1, y2)-
Let F' be a global field and A its ring of adeles. Let ¢ denote a nontrivial
additive character of F\A. Let S(A2?) denote the space of all Schwartz functions
on A%2. The Weil representation wy, is a representation of H5(A)§E)4(A) which
acts on S(A?). Here we define §f)4 as follows. Let Sp, be as defined in Section
1.1. We define Sp, as the group of all (k,¢); where A € Sp, and ¢ € {+1}
with product (hy,e1)1{ha,€2)1 = (h1h2,01(h1, h2)e1€2)1 where o1(hy, ko) is the
cocycle obtained by restricting the cocycle of GL4 as defined in [K-P]. Thus

ax
g1 -1

-1
a)

’ b2—1

by

b
2 = (a1,b1)(az,b2) .

b;!

Returning to the Weil representation, its action is given by

0o (0,020, 0,060 = ote + 2w (¢ (] ) +3).

b—l

"
W\<\ N

Wy

1 TL T2

wy (< 1 7‘13 Ty

75> d’(fl,{?) = E7ab(a9b)|ab|1/2¢(a§1ab€2)’

s =es(c(* 1)),

B(6) = ev (1/25 (:; ,’j) (‘1’ (1,) 5‘) #(6)
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Here £ = (£1,€2), a,b € A", e € {1}, r; € F, ¢ € S(A?), and ~; denotes the
Weil constant (see [W]).
Next we define the theta function on the group Hs(A) - §Y)4(A) by

Bs(hg) = Y wy(hg)p(é)
£eF?

where h € Hs(A), g € Sp,(A) and ¢ € S(A?).
Finally we define a homomorphism 7: U — Hs. For u € U write

u= 170001(-"31)560011(332)130111(1/1)731111(y2)$1112(7‘1)$0122(7‘2)ul

where 2/ is a product of all other one dimensional unipotent subgroups in U in
any fixed order. Thus the roots in u' include (0012); (0112); (1122) and (1222).
We define

7(u) = (21, %2, Y1, Y2, 71 + 72) -
This is a well defined homomorphism from U onto Hs.

1.4 Let 7 be a cuspidal representation of Sp,(A). As usual we shall realize =
in the space of LZ,,,( Sp,(F)\ Sp,(A)). We will assume that 7 is generic. This

cusp

means that there exists ¢ €  and a, 8 € F** such that the function

1 g 1 T3 T4
o 1 1 r9 7
W) (g)= / o L 2 T3 g| dlar+Bra)dr;
(F\A)4 1
1 1

is nonzero for some g € Sp,(A). Write 3 = Au? where A is square free. Since

a

weog=wen [

it is enough to consider the case where & = 1 and f is square free.

1.5. In this section we construct the Eisenstein series we use. Let 8 denote
the theta function on GL3(A) — the double cover of GL3(A). This function is
constructed in [K-P] and for the properties we need see also [B-G]. Let v, for
t € A* denote the global Weil constant. We extend o det to a function of
Gf..g(A) in the obvious way. Next we extend the representation (v o det)0~ from
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GL3(A) to Py(A) by letting it act trivially on Spins(A)V(A). Let 8p denote the
modular function of P. We view it as a function of Py by composing it with the
projection Py — P. Given s € C let

I(s) = Indgo(?g) (7o det)d @ 65 .

Thus F, € I(s) is a smooth function F, : G(A) — @ satisfying

Fy(pog) = &p(po)y(det m)o(m)F4(g)

for all pg = mr where m € &3(A) and r € Spins(A)V (A) and for all g € G(A).
Here 6(m)F,(g) denotes the action of the theta representation.

Since 6 is automorphic (see [K-P]) there is a GL3(F) invariant form £: § — C.
Set fo(g) =2 (Fs(g)). Thus we may define the Eisenstein series

Elg.fos)= >, (v

YEP(FN\G(F)

This series converges for Re(s) large and admits a meromorphic continuation to

the whole complex plane.

2. The global integral

Let ¢ be a generic cusp form on Sp,(A). By Section 1.4 we may assume that
W,(,l"\) (¢) # 0 for some A. Since we may choose any nontrivial additive character
for the construction of the Weil representation, one can check that our construc-
tion of the global integral, which we shall soon define, is valid for any choice of
A € F*. Hence we shall assume that 7 is such that

1 rny 1 T3 T4
1 1 ro r

Woie)= [ L 2 75 | g w(ori+1/2r)dr,
F\A 1l 1

is nonzero for some ¢ and g € Sp,(A).

Let Sps(A) be embedded in G(A) via its embedding in L(A) C Q(A). We
denote this embedding by j. We define
(2.1)

(&, fur8) = /

/ 0(9)84(1(u)9) E(uj(g), fs, s)dudg.
SP(FI\Sp,(A) JUF)\U(A)
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Here j(g) (resp. g) stands for < j(g),1 > (resp. < g,1 >;). Thus the integral is
well defined. Note also that if we define a character 1/7 on [U,U] as

1/;(161112(T1)$0122(T2)U') =Y(r1 +72)

where v’ is a product of all other roots in [U, U] in any fixed order, then Sp, fixes
 under the obvious action of Sp, on [U,U]. Thus the U integration is indeed
invariant under Sp,(F). Since ¢ is a cusp form, (2.1) converges absolutely for all
s for which the Eisenstein series has no poles.

To shorten the notation, we shall write g for j(g). Given f,(g) as in Section
1.5 let

fwlg,s) = /(F\A)s fs (z1000(r1)Z0100(T2)T1100(r3)g) ¥ (r1)dr; .

Notice that the above 3 roots consist of the maximal unipotent subgroup of GLj
as embedded in P. Thus

fw € nd3@) 63 @ (7 0 det)W(B,v)

where W(é, 1) is the space of all functions of the form

1 r
h— /5 [( 11 :2) h:l Y(ry)dry,
1

he Gf;s(A). It follows from [P-P.S] and [B-G] that W(6, ) # 0 and that it is
factorizable.

Let Uy C U be the subgroup consisting of all roots in U omitting the root
z1111(r). Thus dimUs = 9. Let N denote the maximal unipotent subgroup of
Sp, consisting of upper triangular matrices. Finally, set wg = w(342341234). We
have

THEOREM 2.1: For Re(s) large,

I(p, 8, for 8) = Wi (g)wy (1(u)g)#(0, 1) fw (woug, s)dudy .

L(A)\ Sp,(A) JUq(A)
Proof: For simplicity we shall write I for I(y, ¢, fs, s). For Re(s) large we unfold

the Eisenstein series, and using Lemma 1.1 we get

=y / (905 (1(w)g) fu(wug)dudg

= (F)\ Sp,(A)U(A)
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where w runs over the representatives of P\G/R as described in Lemma 1.1 and
RY = w™1Pwn R. First we claim that if w is such that wz112(r)w™! € V or
wxo129(r2)w™! € V then the contribution of this w to I is zero. Indeed, this
follows from the fact that

8, (T(U)T(3?1112(7'1)930112(7”2))9) = P(r1 + r2)0, (1 (u)g)

and hence we shall end up integrating ¢ on F\A.

If w = e then clearly wxqy52(r )w™! € V. For w = w(34) we have wxgjzow™! =
To112 € V. For w = w(3214) we have wrgigow™! = Ty920 € V and for w =
w(3423421) we have wxgizow™! = z1112 € V.

Next consider w = w(32434). We have

-1 _ . -1 _ . -1 _ .

WTol00W - = To122; WIi100W ~ = T1122y WIp110W ~ = T01125
-1 _ . -1 _ . -1 _

WIriigW -~ = ZT1222y WTo111W ~ = Zggol, WrnuWw - = Tiiin-

Before we proceed let us express the embedding of Sp, in terms of the roots
in G. Recall that Sp, is embedded in G via the embedding in SL4 which is a
subgroup of L. The simple positive roots of SLy4, as embedded in G, are (1000);

(0100} and (0010). From this it is easy to deduce that N, the maximal unipotent
subgroup of Sp,, is expressed in terms of the positive roots of G as follows:

1 r
! — Z1000(r)Zo010(~T)
1 —r T1000\7 )Z0010\ T ),
1
1 r
1 T
1 — Z1100{7)To110(r),
1
1
1 r
1 — zo100(7),
\ 1
1 T
1
1 — Tino(r) .
1

Returning back to w = w(32434) we see from the way the roots are permuted

by w that R" contains as a normal subgroup the group generated by the roots



310 ADJOINT L-FUNCTION Isr. J. Math.

Zo100(7); 1100(r)Zo110(7); £1110(7); Zo111(r) and z1111(r). Notice that the first
three form the Siegel radical in Sp,. Notice also that fs (wra(r)g, s) = f,(wg, s)
for r € A and a is any of the above roots. Thus after a suitable change of
variables we obtain as an inner integral

1 Ty T4 1 T3 T4
1 r9 1 ~ 1 r9 1

(2.2) /( e L 19l 10,0 T e drudy
1 1

where as before y = (y1,y2). We have (see Section 1.3)

1 T3 T4
85 1(0,,0) ! rf k&
1
1 r3 T4
=Y w1 g s + &)
LeF? 1

where £ = (€1,&2). Thus carrying out the y integration in (2.2) we obtain

1 r3 T4 1 r3 T4
1 o 7 1 o 7
/ "4 12 3 gl wy 12 8 g ¢(070)drt
(F\A)?
1 1
1 Ty T4
1 ro 1
=ou@90 [ 2 7 gl dr,
(F\A)? L

By cuspidality of ¢ the last integral vanishes. Thus the contribution from w to I
is zero. We are left with w = wy. To compute R™° we use the following relations:
woxomowo_i = Z0100; wozmoowEi = Z0012;

(2.3) WoZTool0Wy = T1p00; WoT1100Wy = Zo112)

-1 . -1 _ .
WoZo110Wy = = T1122) WoT1110Wpy = X11125
-1
WoT1111Wy = = Tooo1-

From this we may conclude that R*® = Q;(x1111(y2)) where Q; is the parabolic
subgroup of Sp, which preserves a line. Thus

1:/ / / ©(9)84((0,0,0,y2,0)7(u)g) f, (woug)dyadudg .
Qi1 (FN\Spy(A) JF\A JUy(a)
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Using Section 1.3 we have

/F\A9~¢((0,0,0,1/2,0)T(U)g)dy2 = Z ww(T(u)g)d)(fla&)/F\A@’)(ﬁlyz)

§1,62€F
= wy(r(u)g)¢(0,6) -
EEF
Thus
= [ oo wu (r(w)9)o(0. €)1 (wnug) duds .
Q1(F)\Sp,(A) JUo(A) €EF
Write @, = (GLy X SL2) - Ny. Thus
1 2 1 22 23
_ 1 1 zZ2
N1 - 1 -2 1
1 1

and it is embedded in G as

171000(21)50010(—21)370110(22)131100(22)251110(33) .

From relations (2.3) we obtain

2.4 fs(woz1000(21)o010(—21)To110(22)T1100(22)Z1110(23) 11G)

= fs (IIOOO(ZI)1:1100(22)'“}0“9)'

Also from Section 1.3 we deduce

1 21 1 z2 23
v 1 1 -z 1 L | rg| 9(0,6) = wy (r(w)g)6(0,€) -
1 1

From this and from (2.4) we get

= ovws )
GL1(F)SL2(F)N1(A)\ Spy(A) J(F\A)? JUp(A)

1 z 1 22 23
1 1 29

g 1 —2) 1 g
1 1

Z Wy (r(u)g)d)(O, f)f: (xmoo(zl)xuoo(zz)woug)dz,-dudg .
£€F
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Next we consider the following Fourier expansion:

1 2
1
/ Y 1 g dZ3
F\A
1
Ty Tz 23
1 0 r
Z / 1 _:1 g| ¥(mr1 + nara)dridzs.
m,m€F F\A)3 !

The group GL1(F) x SLo(F), as embedded above, acts on the set (n;,7m3) with
two orbits. By cuspidality of ¢, the trivial orbit contributes zero to the above
integral. For the open orbit representative we choose (-1,0). The stabilizer in
GL1(F) x SLo(F) is GLY(F) - No(F) embedded in Spy(F) as

o 1

a1l 1

Thus after a suitable change of variables in r; we obtain

I =
LL?(F)N2(F)N1 (A)\ Sps(A) '/(.F\A)"’ '/Uo(A)
1 T1 1 Ty 23
1 1 T
v : 1 - 1 g
1 1
Zw,,, (1(u)g) (0, ) fs (z1000(21)%1100(22) woug) Y(—r1 + 21)dridz;dudy .

LEF
Thus, since N = Ny Na,

= J /
GL{(F)N(A)\ Spo(A) (F\I\)6 Uo{A)
1 r1 23

_,-1
1

Yu | 1T | rwe| 608

{cF 1

fe [xlogo(zl):cmoo(m)xuog(zz)woug]dz(—rl + z1)dmdr;dz;dudg .
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Consider the contribution from § = 0. By Section 1.3
1
m
wy T | | 90,0 = we(r(w)g).
1

Thus we obtain as an inner integral

1 1 Te 23
/ o 1 1 m r g
(F\A)G 1. —Tl 1
1 1

£ [£1000(21)Z0100(m) T 1100(22)woug|w(—r1 + 21)dridmdz;.

By means of Fourier expansion this equals

1 ™ 1 Tg 23
Z/ 0 1 1 m ro 9
1 - 1
neF J (F\R 1“ .

fs [111000(21)10100(771 + t)11100(22)w0ug]'(/)(—1”1 + 2 + nt)dridmdzjdt .

Provided 7 # 0, the integration over z;, ¢t and z7 defines a Whittaker functional
on the space of §. However it follows from [K-P] that such a functional is zero.
On the other hand if = 0, after a change of variables in ¢, we obtain as an inner

integral
1 ro 23
/ p Lom mo 1| dmdredzs
(F\A)? 1
1

which is zero by cuspidality of ¢. Thus the contribution of £ = 0 to I is zero.
Hence we may replace the sum over £ € F by £ € F* and from the action of GLIA
on (0,¢) we obtain

1 1 Ty 23
fomen e b T ) ()
N(A)\ Spy(A) J(F\A)® JUo(A) 11 1

1
wll 1T el s0,1)

1

f:, [1:1000(21 )xOloo(m)Inoo(Zz)woug]1/)(—7”1 + zl)dmdr,-dzjdudg .
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Since
1
1 m
Wy 1 T(u)g ¢(0!1) =w(1/2m)w¢(r(u)g)¢(0,1)
1
this equals
T1 1 a9 23
_ 1 1 m r
I= / / ] / 14 1 -n 1 g
N(A)\ Spy(A) J(F\A)® JUs(A) ) .

wy (7(u)g)#(0, nf, [%1000(21)T0100(M)Z1100(22)worg]
Y(-ry + 21 + 1/2m)dmdr;dz;dudg.
Write

/ f+ [1000(21)To100(m)Z 1100(22)woug) (21 )dz1d2s
(F\a)?

= Z/ ~ )3 -’61000 (z1)xo100(m + t):cuoo(zz)woug]d)(zl + nt)dzdt .
neF A

As in the above, if n # 0 the integral vanishes. Thus

71 1 2 Zz3
— 1 1 m T2

I _/ / 7 / ‘p 1 —‘Tl 1 g
N(AN\ Spy(A) J(F\A)T JUo(A) 1 )

wy (7(u)g)#(0, 1f, [%1000(21)Z0100(m + t)T1100(22)woT(u)g]
Y(—r1 4 1/2m + z1)dmdtdr;dz;dudg.

A change of variables in ¢ and we are done. |

It follows from Theorem 2.1 that I(g, ¢, f,, s) is factorizable. More precisely,
write 7 = @7, Wy = ®w ¢ ®¢, and I(s) = ®1,(s). If p and £ are chosen
so that W, = ®W, and fw = ®f$ then

(¢,¢ fa,s) HI Wu3¢ua v )

where

L(W,, 8y, f$),5) = f / W, (9)wl (r(u)g)
N(F )\ Spy(F,) JUo(F.)

$,(0, 1) (woug, s)dudg.
This relation holds for Re(s) large.
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3. The unramified computation

In this section we assume that F is a local nonarchimedean field. Let 7 be
an irreducible admissible generic representation of Sp,. Let ¢ be a nontrivial
additive character of F' and denote by wy the Weil representation of Hs - §;)4.
This representation acts on S(F2) as described in Section 1.3. Let § denote the
theta representation on (’3‘13 and denote by W(é, ¥) its Whittaker model. Thus
We € W(é, ¥) is a smooth function on CTig satisfying

1 =z
(3.1) We 1

— N2
@
tl
<.
——
8
p—
N
~~~
v
h—

for g € GLs. Let I(s) = Ind§, (63 (yodet) @ W(B,¥)). Thus fi € I(s) satisfies

(3.2) fw(gmu, s) = We(g)6p(g)v(det g)

for g € @3, m € Sping and v € V. Here « is the local Weil constant. It is easy
to check that 63 (h(ay, az,as,a4)) = |as|>.
Our local integral is

I(Wv¢,fW13)=A\S - W(g)w¢(T(u)g)¢(0,l)fw(woug,s)dudg

where ¢ € S(F?) and wo = w(342341234). As in the global case we denote g for
i(9)

Let (,) denote the local quadratic Hilbert symbol. We shall write ~y; for v(t)
ift € F*. Thus 7,7 = (@,b)7es and, since (e, u) = 1, if £, ¢ are units we have
ve = 1. The local computation of the integral involves some local calculations of
(g1, 92) in G. However, for most purposes we will need to know a(g1,g2) with
gi € M. Identifying M with L (see Section 1.1) we may use the algorithm of
computing the cocycle in GL4, as described in [K-P] or more explicitly in [B-H],
to compute (g1, g2)-

We shall denote by O the ring of integers in F and by O* the units in O. If
p denotes a generator of the maximal ideal in O we let ¢~ = |p|. All additive
measures are chosen so that [, dr = 1 and all multiplicative measures satisfy
Jo-d*z=1.

Let H be a reductive group. We denote by K(H) its standard maximal com-
pact subgroup. The group K(G) splits in G. We shall describe the splitting
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homomorphism of K(G) when restricted to an embedding of SL, corresponding
to a simple root. For k € K(Sping) we have k£ — (k,1). For k¥ € K(GL,), where
the GL, corresponds to one of the a;, 1 < ¢ < 3, we have k — (k, A(k)) where

by ydlad—bc)) 0<|c| <1
(3.3) A(Z d)_{gc d=00) Ie| = 0,1
and k = (‘; Z) € K(GLs) (see [K-P)).

In this section all functions are assumed to be unramified. Thus we assume
that there exists W € W(w,¢) such that W(k) = W(e) = 1 for all k € K(Sp,).
We also let ¢ denote the unramified vector in S(F?). Thus ¢(z),x2) = 1 if
|z;] < 1 and zero otherwise. We let fy denote the K(G) fixed vector in I(s).
This implies that W, is the K(GLj3) fixed vector in W(8,v) with Ws(e) = 1.
Hence v is one on O. We need to know the value of Wp on the torus. From (3.1)
it follows that Wy(t) = 0 unless

pm+n €1
t= p" €9
p €3

with m >0, n,7 € Z and ¢; € O*. On t as above it follows from [B-G]| that
i S ()rpm m=0(2)
We(t) =

0 m = 1(2)
where Bj denotes the standard Borel subgroup of GL3 and ép, its modular
function. From (3.2) and (3.4) we obtain
(3.5)

a
fw (h(a, a?,a?b, abc), s) =6p (h(a, a?, a?b, abc))'beg ( a )
b

(3.4)

a
= a0 W | a ) = | 'O /Zp[P 1 2y
b

Next we describe the local adjoint L-function. By our assumption on 7 we
may assume that T = Indzp‘(ul, pz2) where B is the standard Borel subgroup of
Sp, ,i.e. B D N. We have

a *

b
(11, 12) p-1 = p1(a)pa(b)|a®d?|.
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From general theory we may associate to m a semisimple conjugacy class in
SO35(C). We choose as a representative

tr = diag (£1(p), u2(p), 1, 43 (), 11 (p))-

Let Ad denote the adjoint representation of SO5(C). Its dimension is 10. We

have
A(p) = Ad(t,)

= diag (11 (p)p2(p), k1(p)13  (p), 1(p), p2(p),

1,1, 45 (p), 11 (p), 1 (P)1i2(p), 141 (P)1sz ().
We define the local Adjoint L-function

L(m, Ad, s) = det [I10 — A(p)g™*] "
where I g is the 10 x 10 identity matrix and s € C.

Finally we let {(s) = (1 — ¢~*)~! denote the local zeta function. Our main
Theorem:

THEOREM 3.1: Assume that q is odd. For all unramified data and for Re(s)
large

L{m,Ad,5s — 2)
¢(10s — 2)¢(10s — 3)(10s — 4)C(20s — 8)
Proof: Write I for I(W, ¢, fw, s). We start with the Iwasawa decomposition of
Sp,. Denote h(a,b) = diag(a,b,b=1,a=1). Via the embedding of Sp, in G, as
explained in Section 1.1 we identify h(a,b) in L with h(a,ab,a,1) in G.
Choosing the measure on K(Sp,) to be one, we obtain

(36) I(Wv ¢a fWas) =

I=/ / W (h(a, b))wy (1(u)h(a,b))$(0,1)
(F*)2 Ju,

fw (wouh(a, ab, a, 1), s)|a*b?| *dud* ad*b.

The roots in Up are: (0001); (0011); (0111); (0012); (0112); (1112); (0122);
(1122); (1222). We conjugate h(a,b) across 7(u) and h(a,ab,a,1) across u. A
change of variables in Uy will contribute |a|~! and hence

I= /( . /U W (h(a, ) (D) 00,1

fw (woh(a,ab, b, 1)u, s)[a®b?|~*dud*ad*b.
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From Section 1.1, i.e. from the description of the action of the Weyl group
of G on its roots, we may deduce that wph(a, ad, b,l)wo_1 = h(a,ab,a,a). We
need to check if there is a cocycle contribution from this conjugation. Recall

. . 1) .
that wyp = wswswawswaw wowzwy, where w; is the image of 1 in G.

Since wy is in Sping, conjugation by w, will contribute no cocycle. We have (see
Section 1.1) wydiag(a,b,b71,a™!) = diag(a,b,b~!,a). Next consider the action
of wz. We have w3 - diag(a, b,b7!,a) = diag(a,b,a,b!). This conjugation will
contribute the cocycle

rs1 a
L -1 0 a
a 1

a 0 1
b1 -1 0

We remind the reader (see Section 1.1) that by abuse of notation we denote by
o the cocycle on L obtained by restriction from G. Using [B-H] the above cocy-
cle equals (a,b)(—1,a). The conjugation w; diag(a, b, a,b™!) = diag(a,a,b,b?)
contributes (a, b)(—1,a). Next w;, wy and w3 each contributes one. Then w, con-
tributes (a, b)(—1,b) and finally ws also contributes (a,b)(—1,b). Thus, overall,
we get no contribution from the wg conjugation. Using Section 1.3 we obtain

I - W h ,b ,
/(F-V /Uo (h(a. b))y (7(u))$(0,b)
fw (h(a,ab, a, a)wol, 8)7“1’(0’b)|a|_9/2|b|—3/2dud'ad"b_

Write W (h(a,b)) = 6302 (h(a,b))K (h(a,b)). Then changing variables a — ab we
get

I=/ / K (h(ab, b))wy (T(u)) (0, b)
(F*)? JUp
fw (R(ab, ab?, ab, ab)wou, s)v4(ab, b)|a|~%/2|b|~3dud*ad*b.
The embedding of h(ab,ab?, ab,ab) in L is diag(ab,b,b~!,ab) and hence the

equality h(b,b%,b,b)h(a,a,a,a) = h(ab, ab?, ab,ab) contributes a symbol (a,b).
Also, it follows from (3.5) that

fw (h(b,b%,b,b)g, s) = [b]**1(b, ) fw (g, )
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for all g € G. Thus

/F " /U h(ab, b))wy (7(u))$(0.b)

fw (H(a)wou, s)7ala|~5/*[b|>*~*dud"ad"b
where H(a) = h{a,a, a,a). From Section 1.3 we get, for u € Uy,

wy (T(u))(0,6) = ¢(z1, 8 + z2) (21 + 24 + by1)
where 7(u) = (x1,22,¥1,0, 21 + 24) and
u = Too01(T1)Too11(T2)Zon1(y1)T1112(21)To122( 2400’

From the properties of ¢ we obtain that if |z,] > 1 the integral vanishes. Also
K(h(ab,b)} = 0 if [b| > 1 and hence the condition [b+ x3| < 1 implies that
|z2] < 1. Thus the integration over z; and z9 is restricted to |z;},|z2| < 1. Let
U, C Ug be generated by the roots (0111); (0012); (0112); (1112); (0122); (1122);
(1222). Using the right K(G) invariance property we get

/ / h(ab, b)) (21 + 24 + by1)
-)2 Ul
fw (H(a)wou, $)Yalal™ 5/21p154=24" ad* bdu

where
(3.6)  u=ron1(¥1)T1112(21)r1122(22)T1222(23) To122( 24 ) To112(25)T0012(26)-

We claim that we may ignore the zs,2¢ integration. To do that consider the

function
F(z5,26) = » Fw (H(a)wou, s)¥(21 + 24)dz1dzod23d 24
where u is parameterized as in (3.6). Let [t;],|t2] < 1. Then
F(zs,2) = /IN fw (H(@)wouz1000(t1)Z1100(t2), $)¥ (21 + 24)dz1dzed25d2s

\ fw (H(a)woT1000(t1)T1100(t2)t, 8)¥(21 + 24 — t125 — toze)dz1dzodzadzs

= 1[}(—t125 - thﬁ)F(z5a ZG)<
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Here we used a change of variables in u and the relations woz 1000wy ! = zoo12
and wopT1100Wy ! = 20112. Since fw is left invariant by zpo12 and xg112 the last
equality follows. Hence F'(25, zg) = 0if |25| > 1 or |26] > 1. Write wg = wWw(4234)
where W = w(32143). Hence

1:/”“)2 LSK(h(ab,b))

fw (H(a)Bz1000(21)T1110(22)T1122(23)T0010(24)T0011(~¥1), 5)

W(z1 + 24 + byy )valal "/ 26>~ 2d2:dy, d* ad*b.

We know that K (h(ab,b)) = 01if |a| > 1 or [b| > 1. For |a| < 1 and [b] < 1
write @ = p"e; and b = p™ep with n,m > 0. Since H(p"e) = H(p™)H(e)
contributes a symbol (p™, €) which cancels with (p™, €) obtained from the relation
Yome = Ypr (D7, €), We get

O

I = z K(h(pn+m’pm))J(n’m),yp"an/2+(_5s+2)m

where

J(n,m) = . fw (H (") @2 1000(21)T1110(22)T1122(23)T0010(24)To011(—1), 8)
F
V(a1 + 24 + p"y1)dzidy -

We need to compute J(n,m). Define, for n > 0,
J(n) = . fw(H(P")w(321)1‘1000(21)11100(22)151110(23), $)¥(z1)dz;
F
and let J(n) = 0 for n < 0. Also, let

Gp¥)= D, (e e)

£€(O/P)"
where P denotes the maximal ideal in 0. We have
LEMMA 3.2: Forn,m >0

J(n,m) = gggi : ;; [(1 _ q(—103+4)(m+1))J(n)

+q7 143 (p, p" )G, ¥)(1 — ¢TI (n - 1)].
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Proof: To prove the Lemma we use the Iwasawa decomposition for z4 first and

then y,. Before going into details, recall the following SLs decomposition:

en (L)) )G )

The symbol coming out from this multiplication is one (see [B-H]), however since

A —_rll _ 1) = (r,r), there is a symbol contribution of (r,r) from this fac-

torization. Thus
J(n,m) = fw [H(p™)w(3214)x1000(21)1100(22)Z1112(23)
5
Zooo1 (1)w(3)To010(24), 5]
- Y(z1 + 24 + pTy1)dzidy;
= fw [H(p™)w(3214)21000(21)%1100(22)T1112(23)T0001 (¥1): 8]
F
(21 + p"y1)dzidy
+/ / fw [H(p™)w(3214)x1000(21)T1100(22)T1112(23)
F4 J)z4>1

Zooo1 (¥1)Zooro(— 25 HA(1, 1, 25, 1), 8] (24, 2a)¥(21 + 24 + p™y1)dzidyn

where the last equality comes from breaking the z4 integration into |z4] < 1
and |z4] > 1, and (24,24) is contributed from the Iwasawa decomposition of
w(3)zoo10(24) as explained in (3.7). Write I; (resp. I2) for the first (resp. second)
summand. In I; we separate the y; integration into |y;| <1 and |y;| > 1. In the
ly1{ > 1 domain we also perform the Iwasawa decomposition (3.7) for the root
Zopo1(¥1)- Since this root is in Spins, no symbol is added. Thus

I = j;s Sw (H(p™)w(321)z1000(21)T1100(22)T1110(23), )9 (21)dzs

* /F’ /|y1|>1 fw (H(p")w(321)1000(1)

T1100{22)Z1110(23) %0001 (~y7 )R(1, 1, 1, y7 1), 8) W21 + p™yr )dzidy;
We used the fact that since m > 0, p™y; € O if |y1| < 1. Notice that the first

term is J(n). In the second term we may conjugate 2oop1(—y; ) across and then
conjugate h(1,1,1,y7"). We get

I = J(n)+ / 3 /II Fo (H™R(L 1,572, y)w(321)

1000(21)Z1100(22)Z1110(23), $)9(21 + ™1 ) w1 [Pdzidyy -
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We used the relation (which contributes no cocycle)
w(321)h(1, 1,1, y7 Hw(321) " = h(1, 1,472, 11)

and the |y;|? appears from the change of variables z; — y223 which arises from
the conjugation of h(1,1, l,yl‘l) across the unipotent matrices. We have from
(3.5)

fW(h’(lal’ y1—2’ yl)gvs) = Iyll_los+1fW(g’s) .

Thus

I =J(n)+ f =103y ™y )y

JlyrI>1
-/;‘3 Fw (H(p™)w(321)x1000(21)Z1100(22)T1110(23), 8) ¥ (21)d2s
= L(m)J(n)
where

L(m)=1+ / ly1| 7103y (p™y1)dyr -
[y1{>1

It follows from [G1] that

_C(10s—4) . (10s4a)(m+1)
L(m) = 105 =3) (1 - gttostartms ) '

Next we consider I;. We conjugate xomo(—z;l) and h(1, 1,24'1, 1). The torus
h(1,1,2;%,1) is identified with diag(1,1, 25", 24) in L and one can check that no
cocycle is contributed from the relation

w(3214)h(1,1, 25}, Dw(3214) 7! = h(1, 251, 272, 25 1)
and hence

L= / / Fw (H@MA(L, 271, 252, 27 yw(3214)
F4 |24|>1

Cl?moo(zl)I1100(22)-’61112(23)930001(y1), S)

(24, 24)|24>¥(21 + 24 + P 1 )d2idyn

where |z4|3 is obtained from change of variables.
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Write H(p")h(1, 251,272,271 = h(z; ', 252, 27, 27 *) H(24p™). This relation
contributes the cocycle (p™z4, z4). Thus using (3.5)
I =/ / fw(H(~’4Pn)w(3214)x1000(21)il‘uoo(zz)151112(23)150001(yl),5)
F4 Jizq|>1
$(21 + 24 + P 24y1) (249", 24) 2| T P dzidy,

Next we break the y; integration into |y;| < 1 and |y;| > 1. We obtain
I =/3 / fw(H(an)w(321)$1000(21)$1100(22)$1110(23),S)
F3 Jiz4|>1

(21 + 24)|2a] 713324, 9" 24) </l w(pmz4y1)dy1> dz;
y

11<1
+/ / fw (H (24p™)w(321)z1000(21)
F3 Jiz4l,lmi>1

$1100(Z2)11110(23)1041?0001(311), 8)

V(21 + 24 + P zayn )| 2a| TIP3 (2q, p 24 )dyrdz;

In the second term we write the Iwasawa decomposition for w4oge;(y1). Then

repeating the same steps as in the computation of I; we obtain
I, = /3 / I fw(H(24Pm)w(321)$1000(zl)11100(22)5'31110(23), s)
F3 J)z|>1
V(21 + 24)|2a] T3 (24, p724)

(/ P(p™ z4y1)dy +/ ly2| 7103 (p™ 2y )y, | dz
ly1<1 jyal>1
Write fll4l>1 =3, Jiej=1- Thus

I = /}aa Z ¢ /|s|=1 fw (H (0" "e)w(321)z1000(21)21100(22)%1110(23), 5)

=1
P(z1 + pTe)g T (pTe, T

( / Y™ Ty1)dy + f Iyll"‘°’+3¢(p’""y1)dy1) dz;.
|y1]<1 jya|>1

The factorization H(p"~"e) = H(p" ")H(e) gives a (p"~",e) contribution.
Conjugating H(e) to the right and using the K(G) right invariance property
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of fw, we obtain

I = Z J(n _ ,,_)q(—153+4)r(pr’pn—r)

r=1

( Y™ Ty )dyr + / Iyll“°’+3w(p'""y1)dy1>
lyl<1 lwa|>1
/I e

egl=1

The last integral is zero unless r = 1 and for r = 1 it equals ¢7*G(p, ). Thus

I =J(n — 1)q=15* ¥ (p, p*~1\G(p, %)

(/ V(™ 'y1)dn +/ [y1|‘1°’+31[)(p’"‘1y1)dy1> .
[y1]<1 Jyal>1

It is easy to see that if m = 0 the sum of the integrals equals zero and for m > 0
we get L(m — 1). The Lemma follows. [ |

We compute J(n). Write J(n) = Ry(n) + Rz(n) where

Ri(n) = /F'" Fw (H(p™)w(32)zo100(22)T0110(23), ) dzi

and
Ra(n) = / / Fw (H(p™)w(321)z1000(21)T1100(22)T1110(23), 8)¥(21)dz: .
F2 J)z;|>1

For £ > 0, let

Ml = /Fn fW (H(Pe)w(321)151000(1)_1)$1100(22)171110(23),S)dzi .

We have

LEMMA 3.3: Fork >0
J(2k) = R1(2k) — M (2k),
J(2k+1)=G(p,v)M(2k+1) .

Proof: Let us show that R;(2k + 1) = 0. Indeed, change variables z — €2
with |e| = 1. Using the relation

h(la &€, 5)1‘0100(22)’3(1) &, ¢, E)—l = z0100(522)
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we obtain by the right invariance properties of fw
Ri(n) = /1?2 fw (H(®™)w(32)h(1,,€,€)To100(22)T0110(23), 8) d2:
= /1;2 fw (H®™)R(1,1, ¢, €)w(32)zo100(22)To110(23), 5)d2:
= (P"ﬁ)/p2 fw (H(p™)w(32)To0100(22)To110(23), 5)d2:

= (p" e)Ra(n) .
Here the cocycle (p™,¢) is obtained from the conjugation of the tori elements.
Also we used (3.5). Thus Ry(2k + 1) = 0.
Next consider Rs(n). We have
Rg(n) :/;‘ ZqT‘/H fw(H(p”)w(321)a:1000(p—r6)
2 =1 ej=1
- Z1100{22)Z1110(23), s)‘qb(p"e)dsdz,-.

We have

h(e,€,e,1)x1000(p " )h(e, €,6,1) 71 = T1000(p"€)
and

w(321)h(e, 6,6, w(321)~ = h(1,1,¢,¢) .

As before the conjugation of H(p™) with h(1, 1, ¢, €) contributes a cocycle (p™, ¢).
Thus

Rp(n) = /F2 qufw (H(p")w(321)z1000(p~")Z1100(22)1110(23), 8)d2;
r=1

/ (0" eW(p"e)de.
lel=1

The last integral is zero if r > 1. For r = 1 we have (see [G2])

—q! n = 0(2),
[ o emwirioe =
1= TG Y) n=1().

From this the Lemma, follows. { |

We continue with the computation of M(¥).
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LEMMA 3.4: We have

(105 = 3) (_20s43)k-10s+3
M(2k) = ¢(10s — 2)
and

10s — .
M(2k+1) = CEIO = (~105-1)k—10s+1 (1 B q(—105+4)(k+1)) .

Proof: Write the Iwasawa decomposition for wiz1g00(p™?) (see (3.7)). We get

¢) = (p,p) /;z fw (H(Pe)w(:i?)romo(zz)I0110(23)I1000(P)h(171 1,1,1), 8)dz;

where the (p,p) is obtained from this Iwasawa decomposition. Conjugating
Z1000(p) across the unipotent elements we get

Zo100(22)Zo110(23)T1000(P) = Z1100(P22)uT0100(22)T0110(23)
where u is such that
w (H(p"Yw(32)ug, s) = fw (H(p*)w(32)g, s) -
Since w(32)z1100(pz2)w(32)~! = r1000(pz2) we obtain using (3.1)
M(¢&) = (p,p) j;’z fw (H(p")w(32)xo100(22)T0510(23)A(p, 1,1, 1), s )b (p"F ' 22)dz; .

Conjugating the torus across we get

M([ e+1 / fW [+l e‘}‘l’pe+1’pf)w(32)x0100(z2)170110(23), S)

Y(p'z2)dz;.

The (p?,p) factor is from the product H(p®)h(p,p,p,1) = h(p*+?, p*+1, pt+L, pf)
and ¢° is obtained from changing variables in 2o and z3. Separating the z;
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integration into |29] < 1 and |23] > 1, we obtain

M(e) = (p", [/f pIL ptt L pf Y pEw(3)zo010(23), $)d2s
+/ /l l>lfw(h(Pe“»PHIyPHl,Pe)w(3)150010(23)10(2)330100(22).8)
2
- ¥(p’2r)dz]
— ™ p)g? [fw (AL, p, 1 ), )
# L P O 1,55 1)) e 5
23>
/2:1(1 /Iel 1fw R, pL P, p ) w(3)zo010(23)w(2)T0100(PTE), 5)

. :!)(pl‘rs)dsdz:;} .

Here we used the Iwasawa decomposition for z3 and also fl
Thus,

2]>1 Z:-x;l f{s[:l'

M) = (", p)¢’ [fw (h(p*H,p 1, p"L %), )

(1 +/ (23’Zspf_l)’Yz;‘|33|_58+1/2d23> +
Jzz|>1

/Zq fw (R(p™, p™1, p"H, p")w(3)zo010(23)w(2)z0100(p ), 8)d23

/lcl_l(pf-l,ewp" fs)de}.

Suppose £ = 2k. From (3.4) it follows that fy (h(p?*+1, p2k+1, p2k+1 p2k) s) = 0.
Thus

M(2k) = (p,p)¢* / D q fw (A(p? Y, pPEt pH! p?k)

Fr:l

w(3)zoo10(23)w(2)z0100(p™"), 5)d23 g (p, )p{p**Te)de.
e|l=1



328 ADJOINT L-FUNCTION Isr. J. Math.

The last integral vanishes unless r = 2k + 1. Thus
M(2k) = (p,2)g****G(p, )

/Ffw (R(**1, p?* ¥, p?* ¥, p?*Yw(3)z0010(23)w(2)z0100(p~2* 1), 5)d23
= ¢**?G(p, )
/F fw (h(@*+1, p™ 1 p?*+1 p™Yw(3)z0010(23)R(1, P2+, 1,1), 5)dz23.

Here the (p,p) factor is cancelled by (p?**+! p?**1) obtained from the Iwasawa
decomposition. Thus

M(2k) = ¢***3G(p, ¢) A fw (h(P* 1, p** 2, p*+2, ™) (3)zg010(23), 8)dzs
= 3G (p, YY)y ann g~ WA DB—k=1/2 / fw (w(B)zo0r0(25), 5)dzs
F

where we used (3.4) and (3.5). It follows from [R-S] that v,G(p, ¥) = ¢'/2. Hence

M(2k) = ¢ ~20s+3)k—10s43 | 4 +/ Fw (R(1,1,251,1), 5)(23, 23)d23
J23|>1
:q(—208+3)k—105+3 (1+/l l (z3,23)7z;1|z;;|_53+1/2dz3)
23|>1

— q(—203+3)k—103+3 (1 + E(p—r’p—r)q(—59+3/2)r[I 7p—r€d6) ]
e]l=1

r=1

The last integral is zero unless  is even, and in this case it equals 1 — ¢~ !. Thus

M(2k) — q(—203+3)k—103+3 (1 + (1 _ q—l) Zq(—103+3)r)

r=1

_ ¢(10s ~ 3)q(—203+3)k—103+3 _
¢(10s — 2)
Next we consider the case £ = 2k + 1. We have

M2k +1) =¢? [fw (R(pPr+2, p2h+2, k2 p2htly o)
11 +/ (23,23)7,‘1‘23‘_53+1/2d23 +
[Zal)l 3
o ~
/ > q" fw (b2, p? 2, p? 42, pPHYw(3)z0010(23)w(2)20100(p77), 8) d 23
Fr—l

w(p"”‘"“s)dE} :

le|=1
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From (3.2) it follows that

fw (h(p2k+2,p2k+2,p2k+2,p2k+l)’s) _ q—(2k+2)53—k—1 )

Also, as in the computation for M (2k)

_ ¢(10s - 3)

1 +/ (23, 23 ’)‘z—ll23|_53+1/2d23 = .
23]>1 153 ¢(10s — 2)

The integral

1-¢7! r<2k+1
/ w(pzk_r+16)d€ — { __q——l r=2k+2
lel=1 0 r>2k 42

Thus

.2 ¢(10s - 3) —(2k+2)5s—k~1
M2k +1) =¢ [_——((105 — 2)q

2k+1
* /p > a7 (1— a7 fw (R(pPHE, g2, g p )
r=1
w(3)Zoo10(23)w(2)Zo100(p™"), 8)d23
. q2k+1 / fw (h(p2k+2,p2k+2,p2k+2,p2k+1)
F

w(3)Too10(23)w(2)To100(p~ % 72), 5)dz3 .

Next we write the Iwasawa decomposition for w(2)zo100(p~") for 1 <r < 2k +2.
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We get

M(2k+1)=¢* [C_(ws__?’)q—(%w)ss—k—l

¢(10s — 2)
2k+1
+ (1 —-q- Z q p D / fw 2k+2 p2k+2 p2k+2 p2k+1)
r=1

w(3)zoo10(23)R(1,p",1,1), s)dz3 — q”‘“/ fw (R(p?*+?, p2h+?, p2kt2 p2ktl)
F
w(3)Too10(23)h(1, p**2,1,1), S)dzal
_ 2| €105 = 3) _(ok42)55-k-1
¢(10s — 2)
2k+1 i
1 —q Z q2r p p /FfW(h(P2k+2,P2k+r+2,P2k+r+2,P2k+l)

M TL’(3):B()010(Z3), S)dz:;

4k+3/ f 2k+2 4k+4)p4k+4’p2k+l)u)(3)2?0010(23);S)dza .

We have, using (3.5), that

f~W (h(p2k+2, p4k+4’ p4k+4’ p2k+l)’ S) — q—(4k+4)53—k—1.

Also, as before in the case of M(2k), we have

¢(10s — 3)

/F fw (w(3)o010(23), 8)dz3 = C(10s - 2)

Thus the third summand equals

_ 6108 — 3) (_90s43)k—20s42
¢(10s — 2) '

In the second summand we claim that r is even. Indeed, this follows from (3.4).
Also since the GL, which corresponds to the root a3 commutes with 1000, the
23 integration does not affect this statement about r. Thus, the second summand
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equals

k
(1- q_l)zq4r/ fw (h(p**+2, Pt 242 p?t2r42 p2EH)(3)a0010(23), 8)dzs
r=1 F

k

_ -1,§(10s = 3) 4r 2k+2  2k42r 42 2k42r+2 . 2k+1

~(1—q )<(103—2)Zq f (h(p P ) P ),S)

r=1
k
~1,6(10s = 3) 4r—(2k+2r+2)55—k—1
=(1-q¢7") > g
¢(10s — 2)

Combining all pieces, we obtain

M2k +1) =

26(10s = 3) | (_10s=1)(k+1)
q q
C(10s - 2)

k
+(1- q—l)q(—IOs——l)k—lOs—l Zq(—103+4)r _ q(—203+3)k—203+2 _
r=1
From this the Lemma follows. n
Finally, we have,

LEMMA 3.5: Fork >0

10s —
J(2k) = ¢(10s — 4) (=105=1)k(1 _ g(=10s+4)(k+1)

¢(10s — 2)
and
_ ¢(10s —4) (=10s—1)k—10s+1 (—10s+4)(k+1)
J(2k+1) = (105 =2) (p,¥)q (1—q ) -

Proof: From Lemmas 3.3 and 3.4 it is enough to compute
Ry(2k) = - fw (H(p**)w(32)0100(22)T0110(23), ) dz;i -

Separating the z; integration to |22| < 1 and |z;| > 1, and performing the Iwasawa

decomposition when |z2| > 1, we obtain

Ry (2K) = /F Fw (5™ )w(3)z0010(2), 5)dza

+/‘;‘/|;2|>1 fw (H(ka)w(3)10010(Z3)h(1,22—1,1,1),8)(22,22)(12,‘ .
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In the first summand, as in the computation of M(2k), we may perform the 23
integration to get

] _G105-3) o
cos =2 HE™) = gyt T

Conjugating the torus h(1,25",1,1) in the second summand, we obtain
/F /' I fw (h(p™, 0™ 231, p™ 25, p?*)w(3)zo010(23), 8) (22, 22)| 22/ d2;i .
z2|>1

It follows from (3.4) that the function fu (h(p®*,p?*z3" p2* 277, p?k),s) = 0
unless |z2| is a square. Hence, as before, we perform the z3 integration ignoring
any possible contribution of a cocycle involving 23. Thus

Ry(2k) =

¢(10s — 3 —10s— - _ _
cng—zi (q( 10s—1)k +/' | fw(h(pzk,p;’kzz 1’p2k22 1’p2k)’s)[22|d22) )
z2i>1

Write
h(p2k,p2k22—1’p2kz2—1,p2k) _ h(z{l,z;z,z;2,z{1)H(p2kZ2) '

Using (3.5) we obtain

R1(2k) = %gz:_g; (q(—los—l)k

+/ fw(H(p2kz2),3)7z2_l|z2|—1o,+1/2dz2)
jz2[>1

_ ¢(10s - 3) (-10s-1)k
¢(10s —2) \

oo 2k—r
+ (1 _ q—l) Zq(-103+3/2)rW0 1 )
1

r=1
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2k—r
- D
where we used the fact that W 1 =0 if r = 1(2). Thus
1
¢(10s —3) [ (—10s-1)k
2%k)=>———=
Ri(2k) (10 — 2) (q
k ) p2k—2r
+(1 _ q—l) Z q(—203+3)1‘W9 1
r=1 1

10s — 3) (-10s-1)k ~1 (—208+3)r—(2k ~2r)53—ktr
105 — 2) (q )}:q

¢(
¢(
_ (105 =3) (_10s-1)k _ (~10s+4)r
~ ¢os—2)! 1= Zq "
Finally,
J(2k) =R, (2k) — M(2k)

k
10s - 3) (_10._ ~ - -
=<( )q( 10s 1)k(1+(1_q 1)24( 103+4))

¢(105 — 2) 2
_ (108 = 3) (_205+3)k—10s43
¢(10s — 2) '

An easy simplification of the above will give the desired expression for J(2k).
1

Now we return to the computation of I. Let w;, for 1 < i < 2, denote the
fundamental representations of SO5(C). Thus @, corresponds to the five dimen-
sional irreducible representation of SO5(C). We shall denote by (k,£) (k,¢ € N)
the character of the representation kw; + fw, evaluated at ¢,. It follows from
[C-S] that

K(h(p"+m,pm)) = (n,2m) .

Thus, using Lemma 3.2, we have

C 108 — 4) - n —o8 m — 8 m
= m Z (n,2m)7,,..q5 /2+(=55+2) [(1 _q( 10s+4)( +1))J(n)

n,m=0

+q7 15 (0, " )G (p, )1 — g0 (- U}-
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Write I = I, + I, where I. denotes the contribution to I from n even and I, from
n odd. Thus, using Lemma 3.5,
¢(10s — 4)? >

5k—(5942)m
((10s — 2)¢(10s — 3) kZ (2k,2m)q

I, =
m=0

[(1 _ q(—103+4)(m+1))q(—103—1)k(1 _ q(—103+4)(k+1))
4+ q_15’+3(p,p)G(p, 1/))2(1 _ q(—103+4)m)q(—10.9—1)(Ic—1)—103+1

. (1 _ q(-—103+4)k)].

Set x = q~%**2. Then

1= ¢(10s — 4)?
© 7 ¢(10s - 2)¢(10s — 3)
- i (2k, 2m)x™+2k [(1- 2 MDY (1 — g23FD) 4 431 - 22™)(1 - zzk)].
k,m=0

Here we used the fact that (p, p)G(p,®)? = ¢. Similarly,

[ ((10s — 4)2
° 7 ¢(10s — 2)¢(10s — 3)
. Z (2k + 1,2m)z™ 2421 — 2D [(1 - 2™ D) 4 (1 — 27)]
k,m=0

where one needs to use the identity v,G(p, %) = ¢'/? (see [R-9]).
Next consider the right-hand side of (3.6). Use the Poincare identity

L(m,Ad,5s —2) = Z tr S¢z*
=0

where 5S¢ denotes the symmetric /-th power operation applied to t,. Thus, to
prove (3.6) we need to prove

(1-223(1 -z trsfal = D (2, 2m)a™[(1 - 2mHD) (1 - £2(6HD)
£=0 k,m=0

+2%(1 — 2%)(1 - 22™)]

+ Z (2k + 1,2m)c™+2R+2(1 _ p2k+1)) [(1 — XMy 4 g1 - :cz"‘)].
k,m=0
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At this point we need to study the structure of the Symmetric algebra of the Ad-
joint representation of SO5(C). Via the homomorphism from SO5(C) to Sp,(C)
we may talk about restricting a representation of GL4(C) to SO5(C). We shall
study the Symmetric algebra structure of the Adjoint representation of SO5(C)
via the Symmetric algebra of the Symmetric square representation of GL4(C).
More precisely, let w; for 1 <1 < 3 denote the i-the fundamental representation
of GL4(C). It is well known that 2w, souc Ad. Thus if we denote by T™ the

5 (C)

r-th symmetric operation in GL4(C) applied to t,, then T7 S05(©) = S§". Hence
to complete the proof of Theorem 3.1 we need to know the decomposition of
the Symmetric algebra of the Symmetric square representation of GL4(C) and a
branching formula for GL4(C) to SO5(C).

We start with the first. Let (n,n2,n3) denote the trace of the representation
of GL4(C), whose highest weight is nyw; + naws + nsws, evaluated at .. It
follows from [B-G] or [B] that

(1—-z% ZtrT’ T = Z (2n, 2m, 2k)gn 23k

n,m,k=0

Thus it is enough to compute (2n, 2m, 2k)’so © This is done in general in [K-T)
5

and explicitly for our case in [H-U}, p. 599. We have

min(2n,2k) 2m

(3.10) (2n,2m,2k)\so o= 3 ST (@mt by — by, 20+ 2k — 2by).
5 b=0  b3=0

Let us remark that when using the formula in [H-U] one needs to take 3; =
2n + 2m 4 2k, B2 = 2m + 2k, B3 = 2k. Then, since they restrict to Sp,(C), we
need to subtract the Sp,(C) second coordinate from the first and then interchange
the coordinates. This is because we are interested in SO5(C).

Thus, combining (3.9) with (3.10), we obtain

(3.11)
00 min(2n.,2k) 2m

(1-x* ZtrS” "= ) ) D (2metby—bs, 2n+2k—2by)z" 23K,

n.m,k=0 b2=0 b3 =0

Denote by J the right hand side of the above equality. We separate the summa-
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tion on b3 into even and odd parts. Thus

>

n,m,k=0 b2
min(2n

min(2n,2k) m
(2m + by — 2b3, 2n + 2k — 2bg)z" T3k

it} 3=0

o

§

[e o}
+ > Z (2m + by — 2by — 1,2n + 2k — 2bg)z" 23k

n k=0 0

m=1

o

3

Next, changing order of summations between m and b3, we obtain

0o min(2n,2k) oo

Z 2 Z (2m + by — 2b3,2n + 2k — 2by )z 2m+3k

n,k,bsg=0 b2=0 m=bg

00 min(2n,2k) o0

+ Z Z Z (2m + by —2b3—1,2n + 2k — 2b2)x"+2m+3‘° .
n,k,bz=0 b2 =0 m=bz+1
Change variables m — m + b3 in the first summand and m — m + b3 + 1 in the
second. Notice that b3 appears only as a power of . Hence

min{2n,2k)
J=(1-2 Z D (2m+ by, 2n+ 2k — 2by)an IR
n,m.k=0 b2 =0
oo min(2n,2k)
+ Z Z (2m + by + 1,2n + 2k — 2by )" H2ImH3k+2 [
n,m, k=0 b,=0

Thus (3.11) is the same as

(1-z%)(1-z% E trS"x"
r=0
min(2n,2k)

o
= E Z [(2m + b9,2n + 2k — 2b2)xn+2m+3k

n,m,k=0 by=0
+ (2m + by + 1,20 + 2k — 2by)z"HEm I3

Notice that only b, determines whether the first coordinate is even or odd. Thus
we write the right-hand side as the sum of two terms,

oo min{n,k)

Yo 3 (2m+2bg,2n 4+ 2k — 4bg)e” TP
nmk=0 b;=0
oo min(n—1,k—1)

+ ) Z (2m + 2bg + 2,2n + 2k — 4by — 2)g"HIMA3kA2
memt
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and

oo min(n—-1,k—1)

Z Z (2m + 2by + 1,2n + 2k — 4by — 2)g™HIm 3k
0

o0 min(n,k)

+ 00 (@m2by+ 1,20+ 2k — 4by)gn I,
n,m k=0 by=0

Going back to (3.8) we divide the identity by (1 — z2)? and write the right hand
side of the divided identity as a sum of

I =(1-z%)"2 Z (2k, 2m)z™+2k

k,m=0
[(1 _ $2(m+1))(1 _ $2(k+1)) + 1:3(1 _ :E2k)(1 _ me)]

and
o0
I, =(1-2%72 Y (2k+1,2m)zm 21— g2(+D)
k,m=0

[(1— 22m0) 4 (1 — 227,

To finish the proof of our Theorem we need to show that I, = I, and I’ = I,.
We start with I,. For fixed k we have Y oo ;";ff)" k) = ZII;:O > ey, and

in(n—-1,k—1)
Yo, Yo = 03, 41 Thus

L= i Z i (2m + 2bg,2n + 2k — 4b2)x"+2m+3k

0 n=b,

o0 oo
+ 3 ) S (2m+ 260+ 2,2n + 2k — 4by — 2)z IS

We change the order of summation between k and b, to obtain

o< (e o] oo

Z Z Z (2m + 2by,2n + 2k — 4b2)_1;‘"+2m+3k

ba,m=0 k=by n=by
oo oo )

+ Z Z Z (2m + 2by + 2,2n + 2k — 4by — 2)x"+2m+3k+2 .
be,m=0 k=by+1 n=by+1
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Changing variables k — k+b2, n — n+bs in the first summand and k¥ — k+by+1,
n — n+ by + 1 in the second implies

oo

Il = Z (2m + 2by, 2n + 2k)gnFImH3k+b
b3,m,k,n=0

o0
+ Z (2m + 2bz + 2,2n + 2k 4+ 2)gnHEImSktdbe 46
b2,m,k,n=0

Next consider I, . Dividing by (1 — 22)? we get

=% %

k,mn=0 n=0 r=

k
2k 2m) m+2k+2n42r
0

—
-

oo m—1 k—
+ Z Z(2k,2m)xm+2k+2n+2r+3'

km=1 n=0 r=0

Change order of summations between k with r, and m with n,

i i i(2k,2m)x"‘+2k+2n+2r

A suitable change of variables gives

o o}

I = Z (2k + 27, 2m + 2n)gmHIEIntar
r,m, k=0

o0
+ 3 (2k+2r +2,2m 4+ 2n 4 2)gm RIS

n,r,m,k=0

And this is I'. Thus I’ = I. . Similarly we show I’ = I,

This completes the proof of Theorem 3.1. |
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